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ABSTRACT
The continuum emission of viscous decretion disks around Be stars is investigated.
The results obtained from non-LTE radiative transfer models show two regimes in
the disk surface brightness profile: an inner optically thick region, which behaves as
a pseudo-photosphere with a wavelength-dependent size, and an optically thin tenu-
ous outer part, which contributes with about a third of the total flux. The isophotal
shape of the surface brightness is well described by elliptical contours with an axial
ratio b/a = cos i for inclinations i < 75◦. Based on these properties, a semi-analytical
model was developed to describe the continuum emission of gaseous disks. It provides
fluxes and spectral slopes at the infrared within an accuracy of 10% and 5%, respec-
tively, when compared to the numerical results. The model indicates that the infrared
spectral slope is mainly determined by both the density radial slope and the disk
flaring exponent, being practically independent of disk inclination and base density.
As a first application, the density structure of 15 Be stars was investigated, based on
the infrared flux excess, and the results compared to previous determinations in the
literature. Our results indicate that the decretion rates are in the range of 10−12 to
10−9M⊙ yr
−1, which is at least two orders of magnitude smaller than the previous
outflowing disk model predictions.
Key words: circumstellar matter – radiative transfer – stars: emission-line, Be –
stars: mass-loss.
1 INTRODUCTION
The conspicuous nature of classical Be stars was first no-
ticed by the unexpected detection of an emission line in a
stellar spectrum (Secchi 1866). Only a century later, the
development of ground-based infrared (IR) observations al-
lowed the detection of near-IR excess in Be stars (Johnson
1967). Although promptly related to the presence of cir-
cumstellar material, this information was not sufficient to
distinguish between free-free and dust emission (Slettebak
1988). The emission origin was only decided by Gehrz et al.
(1974), who interpreted the mid-IR excess of a sample of 33
Be stars as arising unambiguously from free-free emission.
The gaseous nature of the circumstellar material was then
confirmed, and the presence of dust ruled out. Soon after,
Wright & Barlow (1975) and Panagia & Felli (1975) simul-
taneously formulated the description of the free-free emis-
sion of expanding spherical envelopes. Based on this model,
⋆ E-mail: rg.vieira@gmail.com
they were able to describe the observed spectral slope and
estimate mass loss rates.
Almost a decade later, Lamers & Waters (1984) re-
formulated the theory of continuum emission from stellar
winds, by introducing the curve of growth method. Among
other contributions, these authors included the bound-free
opacity in their models, showing that it is particularly im-
portant to explain the emission shortwards 10µm. Follow-
ing the evidences of a disk-like structure at the time (e.g.,
Hartmann 1978), Waters (1986) introduced a wedge-shaped
disk model with a given opening angle (Bjorkman et al.
1984), and restricted the model calculations to pole-on orien-
tations. Based on this model, Waters et al. (1987, hereafter
W87) interpreted IRAS observations of 101 Be stars. Under
the assumption of an outflowing disk with density structure
of the form ρ ∝ r−n, they constrained the power law ex-
ponent to the interval 2 < n < 3.5. These results are still
widely quoted in the literature to this day.
In the last decade, the viscous decretion disk model
(VDD; Lee et al. 1991) became the new paradigm for Be
star disks (Carciofi 2011; Rivinius et al. 2013). It currently
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provides the better description to the diverse observational
constraints available, and therefore has completely replaced
the former outflowing disk models. Nevertheless, many au-
thors still refer to the IR excesses, density structure and
mass-loss constraints presented by W87. One of the goals
of this study is to revisit the Waters’s (1986) model, in the
light of the currently accepted model for Be stars.
We introduce a simple, yet quite realistic, semi-
analytical model to describe the continuum emission of
a gaseous disk which is based on the assumption (veri-
fied by detailed numerical calculations) that their inner
part behaves like a pseudo-photosphere. The term pseudo-
photosphere is commonly used in the context of radiative
transfer in supernovae (e.g., Bongard et al. 2008), and was
formerly introduced by Leitherer et al. (1985) in the study
of S Dor variables. Such objects have temperature variations
at constant luminosity, which were first interpreted as a con-
sequence of a variable mass loss rate. An increase in the mass
loss rate would eventually lead to the formation of an opti-
cally thick wind, originating an extended and cooler pseudo-
photosphere (e.g., Davidson 1987). However, detailed calcu-
lations made by Leitherer et al. (1989) and de Koter et al.
(1996) have shown that S Dor variations originate at sub-
photospheric regions. For a complete review on the subject,
we refer to Section 4.2.2 of Puls et al. (2008). In the present
context, we borrow the term to designate the optically thick
region of a Be disk. Its formal definition and properties will
be explored in the text. In the next section, we present the
study of the disk brightness profile, computed with realis-
tic radiative transfer (RT) simulations. The results obtained
from this study motivated our semi-analytical model as-
sumptions, which are described and applied to the proposed
formulation (Sect. 3). In Sect. 4, we use the numerical re-
sults to validate the derived expressions, and some interest-
ing implications of the model are discussed in Sect. 5. As a
first application, we fit the IRAS data of a sub-sample from
W87, and compare the results obtained from both models.
The conclusions follow.
2 THE DISK BRIGHTNESS PROFILE
The use of realistic RT codes has allowed not only the
investigation of general properties of Be star disks (e.g.,
Carciofi et al. 2008, Halonen & Jones 2013), but also the
successful modeling of individual objects (e.g., Carciofi et al.
2006; Jones et al. 2008; Carciofi et al. 2009). One important
result that emerges from these studies, and others that fo-
cused on the properties of large samples rather than in-
dividual stars (e.g., Touhami et al. 2011; Silaj et al. 2014;
Meilland et al. 2012), is the identification of kinematic vis-
cosity as the main driver of Be disk outflows. In spite of all
contributions brought by these studies, little attention has
been devoted to one aspect: the disk continuum brightness
profile, which bears important consequences not only to in-
tegrated quantities, such as flux, but most importantly to
angularly resolved observations, such as near-IR interferom-
etry.
To study the brightness profile of VDDs, we used HDUST
(Carciofi & Bjorkman 2006), a three-dimensional Monte
Carlo RT code, capable of simultaneously calculating the
non-LTE hydrogen level populations, ionization fraction and
electron temperature from the radiative equilibrium at each
disk position. We adopted a simplified parametric descrip-
tion of the VDD (e.g., Bjorkman & Carciofi 2005)
ρ(̟, z) = ρ0
(
̟
R⋆
)−n
exp
(
z2
2H2
)
, (1)
where ̟ and z are respectively the radial and vertical cylin-
drical coordinates in the stellar frame of reference, and R⋆
is the stellar radius. The scale height is defined by the radial
power law
H(̟) = H0
(
̟
R⋆
)β
, (2)
where H0 = (cs/Vcrit)R⋆, cs = (kTd/µmH)
1/2 is the isother-
mal sound velocity, Vcrit = (GM⋆/R⋆)
1/2 is the break-up
velocity, M⋆ is the stellar mass, Td is the disk temperature,
µ is the mean molecular weight of the gas, mH is the proton
mass, k is the Boltzmann constant and β is a free parame-
ter to describe the disk flaring. The physical motivation for
adopting a simple power law for the density is as follows. For
isothermal Be disks fed at a (nearly) constant rate from the
central star, it can be demonstrated that the radial density
is a power law with n = 3.5. However, disks either subjected
to varying mass feeding rates, or undergoing build-up or dis-
sipation phases, will have much more complex density slopes
(Haubois et al. 2012), which are here simulated by allowing
n to be a free parameter.
With the purpose of developing a systematic analy-
sis, a small set of representative HDUST models were com-
puted. The disk model was chosen to be isothermal, to al-
low the comparison between the HDUST results and the semi-
analytical model (Sect. 4). Following Carciofi & Bjorkman
(2006), the adopted disk temperature was Td = 0.6 Teff ,
where Teff is the stellar effective temperature.
The stellar parameters were chosen to be compatible
with the evolutionary stellar models of Georgy et al. (2013).
For a set of fixed values for mass, rotation rate and age, the
other stellar parameters are determined by the evolutionary
models. We chose a non-rotating stellar model, since the
rotation effects are out of the scope of the present work.
Such effects are left to forthcoming publications.
The adopted stellar parameters are described in Table 1,
while the chosen disk parameters are listed in Table 2. For
each model, the spectrum and corresponding synthetic im-
ages were computed from 3500 A˚ to 100µm. Finally, the disk
size Rd = 50R⋆ was chosen to be sufficiently large to not
affect our results at longer wavelengths.
2.1 The pseudo-photosphere
Brightness profile curves were computed from the synthetic
images. Using a logarithmically spaced radial grid, we in-
tegrated the flux over isophotal elliptical annuli (excluding
the star). Figure 1 shows the adopted grid, superimposed
on the central region of a sample synthetic image. Since the
stellar surface blocks a portion of the inner disk, the flux
arising from this region was estimated by integrating the un-
shadowed disk flux (bottom half of the annulus) and then
multiplying it by two. In order to verify if the choice of el-
liptical annuli is adequate, we fitted ellipses to the isophotes
at 10R⋆ of a representative model, for several inclinations.
c© 2015 RAS, MNRAS 000, 1–14
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Table 1. List of adopted stellar parameters.
Parameter Value
Sp. Type B1V B3V
M⋆/M⊙ a 12.5 7.7
L⋆/L⊙ 17800 3660
R⋆/R⊙ 6.57 4.94
Teff 26000 K 20200 K
t/tMS 0.75
(a) Schmidt-Kaler (1982).
Table 2. List of adopted disk parameters.
Parameter Value
ρ0/[g cm−3] 8.4× 10−12 2.8× 10−11 8.4× 10−11
n 3.0 3.5 4.0
i 0◦ 30◦ 45◦ 60◦ 75◦ 90◦
Td/Teff 0.6
β 1.5
Rd/R⋆ 50
The results are presented in Fig. 2, where we compare the
ratio of the isophotal axes to the expectation of a perfect
ellipse. As expected, the approximation is satisfactory for
non edge-on cases, and starts to fail at i & 75◦.
The pole-on brightness profile for a representative set of
models is shown in the top row of Fig. 3. Note that the little
dip in brightness close to the stellar surface is just an artifact
stemming from the adopted radial spacing, which becomes
smaller than the image pixel size at the inner disk. The radial
dependence of the vertical continuum optical depth is shown
in the bottom row. The results for the B3 models are very
similar. There are two regimes in the brightness profiles,
which are clearly controlled by the vertical optical depth.
The (vertically) optically thick inner part is responsible for
the bulk of the disk emission, and has a very flat radial
dependence. The optically thin outer region is characterized
by a weaker emission, which falls sharply with radius. Not
surprisingly, the transition region between these two regimes
always occurs close to the position where τz ≃ 1.
Let us now investigate more closely the relation between
the size of the optically thick inner part and the vertical op-
tical depth. To quantify this, we define an effective radius,
R, by fitting the brightness profile with a broken power law
and setting R as the point where the slope changes. The
relation between the derived transition positions and the re-
spective vertical optical depths is presented in Fig. 4, again
only for the pole-on models. The τz mean value is indeed
close to unity (〈τz〉 ≈ 1.3), but the distribution has a con-
siderable dispersion, which may be partly attributed to the
fact that the transition region is actually smoother than a
broken power law.
The optically thick inner part of the disk may be re-
garded as a pseudo-photosphere with an effective radius, R,
that marks the discontinuity in slope of the brightness dis-
tribution. We define R = R(λ, i, ρ0, n, β;M⋆, R⋆, Td) as the
position of the disk for which the optical depth in the line
of sight is close to the unity. Note that our definition for R
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Figure 1. Synthetic image at λ = 10µm computed with HDUST,
normalized by its maximum value. The model parameters are ρ =
2.8×10−11 g cm−3, n = 3.5, i = 60◦ and B1 spectral subtype. The
image isophotal contours are shown (black), while white ellipses
define the adopted annuli, used in the calculation of the disk
brightness profile. The stellar boundaries are also indicated in
the figure (dotted line)
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Figure 2. Ellipse parameters obtained from the isophotal con-
tour fit at 10R⋆, for several disk inclinations and same model
parameters as for Fig. 1. a and b are the semi-major and semi-
minor axes of the isophotes, respectively. The dotted curve shows
the expected result for geometrically thin disks.
differs from the one proposed by Wright & Barlow (1975),
defined for a spherical envelope at τradial = 0.244.
Given that the two regimes of the disk emission are con-
trolled by the vertical optical depth, one can envisage two
situations for which only one of these regimes is present.
They are illustrated in Fig. 5 for the case where R is of
the order of Rd, and for the case where the brightness pro-
file slope discontinuity is absent (i.e., there is no pseudo-
photosphere). In both cases, one component (optically thick
or thin) dominates the disk emission.
The study of the disk brightness profile revealed some
general properties of the disk continuum emission. In the
next section, a simple, yet realistic, analytical model is de-
veloped in order to relate the system physical parameters to
the disk brightness distribution.
c© 2015 RAS, MNRAS 000, 1–14
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Figure 3. Brightness profiles of representative models computed with HDUST (upper panels), and respective vertical optical depth radial
dependence (bottom panels). The models have pole-on orientation and B1 spectral subtype. The vertical dotted lines indicate the position
where τz = 1.
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Figure 4. Vertical optical depth τz(λ,R) distribution. The effec-
tive radius values were estimated by the fit of the disk brightness
profile with a broken power law, at 10 wavelengths covering the
adopted spectral range. The dashed line represent the mean of the
τz distribution. To ensure a reliable power law fit, only the mod-
els with at least five radial positions where τz > 1 were included.
3 THE PSEUDO-PHOTOSPHERE DISK
MODEL
3.1 Effective radius
As we shall demonstrate, the most fundamental parameter
to describe the continuum emission of a gaseous disk at a
given wavelength is the size of the pseudo-photosphere (ef-
fective radius) at that wavelength. In order to compute its
value from first principles, we adopt the following opacity
expression (Brussaard & van de Hulst 1962):
κλ = 3.692× 108 [1− exp (−hc/λkTd)] z2T−1/2d
× (λ/c)3 γ (ρ/µmH)2 [g(λ, Td) + b(λ, Td)] , (3)
where z2 is the mean value of the square atomic number, γ is
the ionization fraction, and the quantities inside the brackets
are the free-free and bound-free gaunt factors, respectively.
For simplicity, we assume that the disk is isothermal, and
express its temperature as a fraction of the stellar one, writ-
ten as Td = f Teff. For a discussion of the non-isothermal
case, we refer to Vieira et al. (in press). Using Eqs. (1) and
(2), the vertical optical depth at a given radius is then given
by
τz(λ,̟) =
∫ +∞
−∞
κλ(̟, z) dz = τ0
(
̟
R⋆
)−2n+β
(4)
where
τ0 =
√
πH0 κλ(̟ = R⋆, z = 0). (5)
Note that we implicitly assumed an axi-symmetric disk,
and thus κλ is independent of azimuth. For an observer along
the direction having an angle i with respect to the disk ro-
tation axis, the optical depth along the line of sight is
τi(λ,̟
′) = sec i τz = τ0 sec i
(
̟′
R⋆
)−2n+β
, (6)
where ̟′ the radial distance along the semi-major axis.
Since the disk projection on the sky has an elliptical shape,
each ̟′ position specifies the optical depth for the entire
corresponding elliptical annulus (except the disk area shad-
owed by the star). This inclination dependence holds only if
c© 2015 RAS, MNRAS 000, 1–14
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Figure 5. Special cases where (i) pseudo-photosphere has prac-
tically the disk size (solid line) and (ii) pseudo-photosphere is ab-
sent (dotted line). The vertical line represents the position where
τz = 1 for the first model. Both models have B3 spectral subtype
and pole on orientation.
the opacity does not change along the optical path, which is
approximately valid for a geometrically thin disk. Note that
by adopting this expression, we have implicitly excluded the
edge-on case from our discussion. A comparison between
the analytical formulae here derived with numerical results
(Sect. 4) indicates that this approximation holds for i . 75◦.
By defining the effective radius as
τi(λ,R) = τ , (7)
where τ is a free parameter of the order of unity, we have
that
R
R⋆
=
(
sec i
τ0
τ
)1/(2n−β)
. (8)
R is a function of wavelength, the stellar/disk physical pa-
rameters (via τ0), and the direction i through which it is
observed. In particular, the wavelength dependence is very
strong, and goes as
R ∝ λ(2+u)/(2n−β), (9)
where
u =
d ln(g + b)
d lnλ
. (10)
3.2 Disk emission
The specific intensity of the star plus an isothermal disk can
be written as
Iλ(̟
′) =


Bλ(Teff) (A
1/2
⋆ )
Bλ(Teff) e
−τi +Bλ(Td) [1− e−τi ] (A−1/2⋆ )
Bλ(Td) [1− e−τi ] (Adisk),
(11)
where A
1/2
⋆ and A
−1/2
⋆ represent the areas of the stellar up-
per and lower (hidden by the disk) hemispheres respectively,
and Adisk represents the visible disk surface (see Fig. 6).
For simplicity, we describe the photospheric emission by a
black body. The effects of limb-darkening, stellar rotation
and circumstellar extinction are neglected. The disk source
function was assumed to be constant along the line of sight,
which is a good approximation for a non edge-on geomet-
rically thin disk. In the following, we consider the general
case (Sect. 3.2.1), followed by the special cases of a tenu-
ous disk (Sect. 3.2.2) and a truncated pseudo-photosphere
(Sect. 3.2.3).
3.2.1 General case
Following Sect. 2.1, the disk emission is here approximated
by an optically thick inner region (τi > 1) and an optically
thin outer part (τi < 1), separated by the effective radius
(Fig. 6a). Under this assumption, Eq. (11) can be rewritten
as
Iλ(̟
′) = Bλ(Teff)


1 (A
1/2
⋆ )
F (Apphot)
τF (̟′/R)−2n+β (Athin),
(12)
where Apphot and Athin represent respectively the pseudo-
photosphere and optically thin region visible surfaces, and
we use the convenient notation
F ≡ Bλ(Td)
Bλ(Teff)
. (13)
These simplifications allow us to derive an analytical expres-
sion for the integrated flux
Fλ = F
⋆
λ
{
cos i
[(
2n− β + δ
2n− β − 2
)(
R
R⋆
)2
F +
1
2
(1−F )
]
+
1
2
(1−F )
}
, (14)
where the stellar flux is given by
F ⋆λ = πBλ(Teff)
(
R⋆
d
)2
, (15)
d is the distance to the star, and
δ = 2τ
[
1− (R/Rd)2n−β−2
]
− 2. (16)
Note that δ → 0 if R ≪ Rd and τ = 1. Finally, it is easy
to rewrite the equations in the Rayleigh-Jeans regime, by
making use of the relation
lim
λ→∞
F = f. (17)
We can also interpret the SED slope (or, equivalently,
broad-band colors) based on the derived flux expressions.
First, we define the spectral slope as
αIR ≡ −d lnFλ
d lnλ
. (18)
Although straightforward, the logarithmic differentiation of
Eq. (14) leads to very complicated expressions. In order to
derive simpler analytical formulae for αIR, we assume the
c© 2015 RAS, MNRAS 000, 1–14
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Figure 6. Schematic representation of disk components, for the
three possible cases: (a) both emission regimes are present, where
R⋆ < R < Rd; (b) optically thin case, where R 6 R⋆; and (c)
truncated pseudo-photosphere, where R 6 Rd.
Rayleigh-Jeans limit for Bλ(Teff). For the case where R⋆ <
R < Rd, we have
αIR = 4− 2 f cos i (2 + u)
Zλ (2n− β)
(
R
R⋆
)2
(2n− β − 2 + 2τ )
(2n− β − 2)
×
[
1− (R/Rd)2n−β−2] (19)
where Zλ ≡ Fλ/F ⋆λ . In particular, if we assume that R≪ Rd
and consider the limit for large R, the previous equation is
simplified to
lim
R→∞
αIR = 4− 4 + 2u
2n− β , (20)
where we also assumed that τ = 1. As we shall verify in
Sect. 5, the dependence of the spectral slope on disk incli-
nation and base density is very weak, and the large R limit
is usually valid at the mid/far-IR.
3.2.2 Tenuous disk
The case where R 6 R⋆ corresponds to the situation where
the disk is entirely optically thin at the line of sight direction
(τi < 1, Fig. 6b). In this case,
Ithinλ (̟
′) = Bλ(Teff)
{
1 (A⋆)
τF (̟′/R)−2n+β (A′disk),
(21)
where A⋆ stands for the entire stellar surface (note the disk
is optically thin so there is no relevant circumstellar ex-
tinction), and A′disk is the disk surface not intersecting A⋆
(Fig. 6b). Even though R no longer has a geometrical in-
terpretation, it still appears in Eq. (21) as an optical depth
scale, as evidenced by rearranging Eq. (8) as
τ0 = τ cos i
(
R
R⋆
)2n−β
. (22)
The flux expression for this case is
F thinλ = F
⋆
λ
[
1 +
2τF cos i
2n− β − 2
(
R
R⋆
)2n−β]
, (23)
where we assumed that R≪ Rd, given that R 6 R⋆ in this
case. Similarly to the general case, we can derive the spectral
slope expression for the optically thin case (also for R 6 R⋆
and R≪ Rd):
αthinIR = 4− 2τf cos i (2 + u)
Zλ(2n− β − 2)
(
R
R⋆
)2n−β
, (24)
again in the Rayleigh-Jeans limit.
3.2.3 Truncated pseudo-photosphere
The situation where R > Rd (Fig. 6c) typically happens
when the disk is quite small (i.e., truncated by a binary
companion) and/or at quite long wavelengths (e.g., in the
sub-mm or radio domains). For this case, both the pseudo-
photosphere and the disk have the same size, and the specific
intensity is simply given by
Itruncλ (̟
′) = Bλ(Teff)
{
1 (A
1/2
⋆ )
F (Adisk),
(25)
with respective flux in the form
F truncλ = F
⋆
λ
[
1
2
(1−F ) (1 + cos i) + F cos i
(
Rd
R⋆
)2]
.
(26)
The only wavelength dependence in this solution comes from
the stellar flux term, and therefore the observed spectral
dependence should go as a simple black body. For the case
where R > Rd, and assuming the Rayleigh-Jeans regime,
the spectral slope is simply
αtruncIR = 4. (27)
Finally, it is important to note that the choice of the ap-
propriate expression for the flux (Eqs. 14, 23 or 26) depends
on the effective radius, which in turn depends on wavelength.
Consequently, a typical observed SED may result from all
three situations: tenuous disk emission at optical/near-IR,
the general case at mid/far-IR, and the truncated pseudo-
photosphere case at radio wavelengths.
Despite the adopted simplifications, we demonstrate be-
low that the above formulae are reasonably accurate for cal-
culating the SED of gaseous disk, and can be successfully
used to infer physical parameters from these disks from ob-
servations.
4 COMPARISON WITH NUMERICAL
SIMULATIONS
In order to evaluate Eq. (8) for comparison with the numer-
ical models of Sect. 3.1, we fixed the parameters f = 0.6,
µ = 0.5 (ionized hydrogen), z2 = 1 (hydrogen only), γ = 1
(fully ionized disk) and τ = 1.3. Additionally, we adopted
the gaunt factors of Hummer (1988) and Storey & Hummer
(1991). Useful approximations for the free-free and bound-
free gaunt factors are presented in Appendix A. Also, we
applied a correction factor to the black body stellar flux, in
c© 2015 RAS, MNRAS 000, 1–14
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Figure 7. Comparison between the R values estimated with the
broken power law fit of the HDUST brightness profiles, and those
obtained from the analytical model. The filled squares correspond
to B1 spectral subtype, while the and open squares to B3. The
gray lines representing the analytical model are practically su-
perimposed, and represent respectively the B1 and B3 spectral
subtypes. All the models were considered to be seen at pole-on
orientation.
order to make it compatible with the stellar photospheric
model used by HDUST. Such correction is described in Ap-
pendix B. Fig. 7 compares the spectral dependence of R
given by the analytical model with the numerical results, for
different ρ0 and n values. We observe very good agreement
between the results obtained from the different methods.
The effective radius dependence with the disk inclination is
shown in Fig. 8 for a representative model. The satisfactory
match between the models suggests that Eq. (6) is a good
approximation for the optical depth for i 6 75◦.
The flux excess predictions are compared in Fig. 9(a).
Typically, our results are accurate within 10%, when com-
pared with the HDUST results. The discrepancies increase at
the optical/near-IR wavelengths, where the bound-free opac-
ity dominates the continuum optical depth, because HDUST
self-consistently calculates the H level populations in the
non-LTE regime, whereas Eq. (3) implicitly assumes LTE
populations. Finally, as expected, the analytical formulae
start to break down around 75◦, where the assumption made
in Eq. (6) no longer holds.
The spectral slopes are compared in Fig. 9(b). For λ &
3µm, the analytical model predicts slopes that are typically
within 5% of the numerical results, and, as expected, the
accuracy is better longwards of the mid-infrared.
The numerical results also agree with the analytical ex-
pectations that the spectral slope depends very little on the
disk orientation, as opposed to the flux excess. This is be-
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Figure 8. Dependence of R with inclination at several wave-
lengths, as indicated. The chosen model has B1 spectral subtype,
ρ0 = 2.8× 10−11 g cm−3 and n = 3.5.
cause the flux level is directly proportional to the disk emit-
ting area, which decreases with increasing inclination angle.
On the other hand, the spectral slope is mainly determined
by the disk density structure, according to Eq. (20). Notably,
the edge-on case represents an exception in this discussion.
The stellar light extinction and disk self-absorption become
very important at this orientation, thus requiring a different
model approach that does not employ a thin disk approxi-
mation.
5 PROPERTIES OF THE SOLUTION
5.1 Flux contribution from distinct disk regions
Having demonstrated the validity of the pseudo-photosphere
model in reproducing the disk continuum emission of
gaseous disks, the properties of the solution are now exam-
ined. The description of the emission of the star and the disk
in terms of distinct components (star, pseudo-photosphere,
and tenuous disk) naturally raises the question of what are
their relative contributions to the total flux at a given wave-
length. The relative contributions of each component are
shown in Fig. 10 as a function of effective radius.
For very small R, the stellar and tenuous disk emis-
sions dominate the flux. The situation is rapidly inverted as
R increases, and the stellar flux becomes negligible at suffi-
ciently large R (& 5R⋆). It is interesting to note, however,
that the tenuous disk emission remains important even for
large effective radii.
An asymptotic limit is reached when the fraction of the
flux emitted by the star goes to zero, in which case the rela-
tive weight of pseudo-photosphere vs. tenuous disk emission
depends only on the density structure as
lim
R→∞
F pphotλ
Fλ
=
2n− β − 2
2n− β , (28)
where F pphotλ = Bλ(Td)Apphot/d
2. The tenuous disk emis-
sion fraction is simply the complement of this expression.
For the the particular case where n = 3.5 and β = 1.5,
the pseudo-photosphere contribution corresponds to 63.6%
of the total flux at large R.
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Figure 9. Comparison between the flux excess and spectral slope computed with HDUST and the pseudo-photosphere model, for a disk
with ρ0 = 2.8× 10−11 g cm−3 and n = 3.5. The bottom panels show the respective residuals. Each gray shade represents an inclination
angle, as indicated, and the spectral slope discontinuities were excluded (vertical gray bars). The edge-on HDUST model is also presented,
for reference, but no comparison is made with the analytical model in this case.
5.2 Effect of disk truncation on the SED
In the situation where the the effective radius exceeds the
disk physical size (Fig. 6c), the pseudo-photosphere no
longer grows with wavelength. As a consequence, an abrupt
change in the SED slope occurs (Eqs. 19 and 27) at the
wavelength λtrunc, such that R(λtrunc) = Rd. This situation
is demonstrated in Fig. 11, that shows models with different
disk radii. The IR excess no longer increases with wave-
length, and the SED slope becomes identical to the stellar
one. The inflection position therefore represents an impor-
tant constraint to the disk size, as noted by Waters (1986).
5.3 Spectral slope dependence on disk parameters
Figure 12 shows the dependence of the spectral slope with
the disk density structure, based on the analytical model.
The limiting case for large R (Eq. 20) is also shown.
The dependence with base density is stronger in the
optical/near-IR, and becomes weak at longer wavelengths.
Additionally, the value of αIR is very sensitive to the pa-
rameter n, which causes a vertical shift of the entire curve.
Finally, we can verify that for λ & 5µm, the limit for αIR
(Eq. 20) provides a very good approximation of the numer-
ical differentiation of Eq. (14), with an accuracy of 5%.
This last result is particularly interesting, since it sug-
gests that the IR spectral slope is a function of only n and
β, and depends very little on the disk density and inclina-
c© 2015 RAS, MNRAS 000, 1–14
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Figure 10. Flux fraction of each emission component (star,
pseudo-photosphere, tenuous disk, as indicated), as a function of
effective radius. The models have β = 1.5 and pole-on orientation.
The disk size was assumed to be much larger than R.
tion. However, since n and β appear as a linear combination
(2n−β) in our formalism, it follows that n and β cannot be
disentangled from SED observations only.
5.4 Formation loci curves
Carciofi (2011) and Rivinius et al. (2013) discuss the forma-
tion loci of different observables in terms of their enclosed
flux fractions. The flux fraction Lλ at a given distance R
from the star is simply the integral of the specific intensity:
Lλ(R) =
2π cos i
F diskλ d
2
∫ R
R⋆
Iλ(̟
′)̟′d̟′, (29)
where Fdisk the total disk flux. For the general case, integra-
tion of Eq. (12) gives
Lλ(R) = L0
{
1
2
[(R/R⋆)
2 − 1] (R 6 R)
c1 + c2[1− (R/R)−2n+β+2] (R > R)
(30)
where
L
−1
0 =
1
2
[(
R/R⋆
)2 − 1]+ τ(R/R⋆)2
2n− β − 2
×
[
1− (Rd/R)−2n+β+2] , (31)
c1 = Lλ(R), (32)
and
c2 =
τ(R/R⋆)
2
2n− β − 2 . (33)
Similar expressions can be written for a tenuous disk
and a truncated pseudo-photosphere, based on Eqs. (21) and
(25) respectively. Fig. 13 shows the brightness profiles and
respective formation loci curves of a given model at three
wavelengths, computed with both HDUST and the analyti-
cal model. We observe a very good agreement between the
different methods. In the literature, the loci curves are of-
ten quoted in the context of estimating where in the disk a
given observable (or, in our case, the continuum emission at
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Figure 11. Top: SED dependence on disk size. B1 spectral sub-
type, pole-on, ρ0 = 8.4 × 10−11 g cm−3, n = 3.5, at a distance
of 50 pc. Bottom: R dependence with wavelength for the same
model.
a given wavelength) comes from. The pseudo-photosphere
model (Eq. 30) allows for an easy estimation of these curves
without the need of complex RT numerical models.
6 APPLICATION TO IR DATA OF BE STARS
As a first application of the pseudo-photosphere model, we
study a sub-sample from the W87 list of objects, focusing on
the objects with IRAS measurements at 12, 25 and 60µm.
As mentioned in Sect. 1, W87 interpreted IRAS obser-
vations of a large sample of Be stars based on an outflowing
disk model that assumes a density radial profile
ρ(r) = ρ0
(
r
R⋆
)−n
, (34)
where r represents the distance to the star (in spherical
coordinates). Also, W87 adopted a fixed opening angle of
θ = 15◦, and restricted their modeling to the pole-on ori-
entation. The last choice was based on the argument that
for i < 70◦, the disk inclination does not affect much the IR
excess.
In order to compare both models, we adopt the same
stellar parameters used by W87. The disk inclinations were
taken from the literature, preferably from interferometric
measurements (Table 3). Since R is typically of the order of
a few stellar radii at the mid-IR (Fig. 7), the IRAS fluxes
probe the disk isothermal region (Carciofi & Bjorkman
2006). Accordingly, we fixed the flaring parameter β to 1.5.
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dependence with disk base density. Right: dependence with den-
sity radial slope (right panel). The limiting approximation for αIR
given by Eq. (20) is represented by the black continuous lines. All
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We also chose Rd = 50R⋆ (≫ R at λ = 60µm) and τ = 1.3.
Therefore, only ρ0 and n remain to be determined.
We fitted the color-corrected IR excesses of W87 us-
ing the emcee code (Foreman-Mackey et al. 2013), a Markov
chain Monte Carlo (MCMC) implementation. Given a likeli-
hood function of the parameters (in our case, ∝ exp[−χ2]),
emcee provides samplings of the posterior probability. We
started from uniform distributions for ρ0 and n, and used
100 “walkers” (i.e., ensemble of random walking solutions)
to explore the space of parameters. Each walker performed
20 steps in the burn-in phase, and 200 steps in the last phase,
starting from the last burn-in chain state (for more details,
see Foreman-Mackey et al. 2013).
The most likely parameters and the posterior probabili-
ties for the object α Col are shown in Fig. 14, as an example
of the typical typical results provided by emcee code (the
plots for the remaining objects are available as online mate-
rial). The ranges for both parameters were satisfactorily con-
strained despite the positive correlation between their val-
ues. This degeneracy occurs because R both increases with
ρ0 and decreases with n (Eq. 8). The list of fitted parameters
is compared to the W87 results in Table 3. The estimated
uncertainties correspond to the confidence interval of 1 σ of
the posterior probability distributions.
Interestingly, the obtained results for n and ρ0 are quite
similar to those found by W87, in spite of the VDD flaring.
6.1 Mass decretion rates
Under the assumption of an isothermal disk and purely Ke-
plerian circular orbits, the VDD analytical solution for the
surface density is given by (e.g., Bjorkman & Carciofi 2005)
Σ(̟) =
M˙ VcritR
1/2
⋆
3παc2s̟3/2
[
(R0/̟)
1/2 − 1
]
, (35)
where α represents the viscosity parameter introduced by
Shakura & Sunyaev (1973), and R0 is an arbitrary integra-
tion constant associated to the disk size. It is related to the
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volume density as
Σ(̟) =
∫ +∞
−∞
ρ(̟,z) dz =
√
2πH(̟)ρ(̟, 0). (36)
By evaluating this equation at R⋆ and rearranging its terms,
we can write the expression for the mass decretion rate:
M˙ =
3π
√
2παR2⋆ c
3
s ρ0
V 2crit
[
(R0/R⋆)
1/2 − 1
] . (37)
In order to estimate a typical range for M˙ , we consider
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Table 3. Best-fit parameters obtained for n and log(ρ0), with 1σ confidence intervals estimated from the posterior probabilities computed
with emcee. The results obtained by W87 are shown for comparison.
Name HD i [deg] n log(ρ0/[g cm−3])
this work W87 this work W87
min max
γ Cas 5394 40 a 3.17+0.10−0.06 3.25 −10.81
+0.07
−0.04 -11.3 -10.6
φ Per 10516 62 a 3.03+0.05
−0.04 3.00 −10.62
+0.05
−0.04 -11.1 -10.6
ψ Per 22192 57 a 2.58+0.03−0.02 2.50 −11.23
+0.02
−0.02 -11.7 -11.4
48 Per 25940 31 a 2.50+0.05−0.03 2.50 −11.48
+0.04
−0.02 -11.8 -11.5
ζ Tau 37202 73 a 3.26+0.07−0.05 3.25 −10.59
+0.05
−0.06 -11.4 -10.9
α Col 37795 35 b 2.76+0.04−0.03 2.75 −11.51
+0.02
−0.01 -11.9 -11.7
β Mon 45725 67 c 3.88+0.03−0.12 3.00 −10.13
+0.03
−0.10 -11.6 -10.9
κ CMa 50013 35 b 3.22+0.06−0.04 3.25 −10.78
+0.04
−0.03 -11.3 -10.5
β CMi 58715 43 d 2.76+0.05
−0.03 2.75 −11.53
+0.02
−0.02 -12.0 -11.8
ω Car 89080 65 b 2.72+0.04−0.03 2.75 −11.54
+0.03
−0.02 -12.1 -11.9
δ Cen 105435 35 b 2.61+0.04−0.03 2.50 −11.22
+0.04
−0.03 -11.5 -11.2
κ Dra 109387 0 e 2.95+0.06
−0.03 3.00 −11.14
+0.03
−0.02 -11.5 -11.2
χ Oph 148184 19 e 2.60+0.06−0.04 2.50 −11.18
+0.05
−0.03 -11.6 -11.2
α Ara 158427 45 b 3.07+0.07−0.05 3.00 −10.65
+0.04
−0.04 -11.1 -10.6
66 Oph 164284 47 e 2.54+0.04−0.03 2.50 −11.16
+0.03
−0.02 -11.5 -11.1
(a) Quirrenbach et al. (1997); (b) Meilland et al. (2012); (c) Fre´mat et al. (2005); (d) Klement et al. (accepted); and (e) Touhami et al.
(2013).
a disk that is not perturbed by external tidal forces, which
is the case for Be either isolated stars or those belonging to
a well detached binary system. The R0 can then be approxi-
mated by the isothermal critical radius (Krticˇka et al. 2011;
Okazaki 2001)
R0
R⋆
=
Rc
R⋆
=
3
10
(
Vcrit
cs
)2
, (38)
which represents the transition point between the subsonic
inner part (v̟ ≪ cs) and transonic outer part (v̟ & cs)
of the disk. The derived values for Rc range from 320 to
650R⋆, depending on the adopted stellar parameters. Since
α is unknown, upper and lower limits for M˙ were estimated
by choosing α = 1 and α = 0.1, respectively.
The mass decretion rates thus determined are listed in
Table 4 and plotted in Fig. 15 along with the results of W87.
The values of M˙ estimated from the VDD model are two to
three orders of magnitude smaller than the results of W87,
depending on the value of α. Our results are compatible
with the mean mechanical mass loss values of Granada et al.
(2013), predicted for critically rotating stellar models.
The large discrepancy with the W87 results must be
examined in more detail. Firstly, the definition of mass de-
cretion rate must be recalled. In the VDD formalism, the
mass decretion rate is the mass that flows outward through
the disk per unit time, and is related the outflow speed (v̟)
and the surface density by the mass conservation relation:
M˙ = 2π̟v̟Σ. (39)
Physically, it corresponds to the net mass that is lost by
the star through the disk. The decretion requires an out-
ward momentum flux, and the angular momentum is taken
from part of the injected mass. Therefore, a large frac-
tion of the mass that is ejected from the star and fed into
the disk falls back (reacretes) to the photosphere. For in-
stance, Carciofi et al. (2012) determined the mass injection
2 3 4 5
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Figure 15. Mass loss-luminosity diagram for Be stars. The sym-
bols in black represent the results obtained by W87, while the
black dashed line represents the upper limit suggested by the
same authors. The gray dashed lines indicate the upper limits
found by our study (Eq. 40).
c© 2015 RAS, MNRAS 000, 1–14
12 R. G. Vieira, A. C. Carciofi and J. E. Bjorkman
Table 4. Mass decretion rates for non-perturbed VDD, and pre-
vious values found by W87.
Name log(M˙/[M⊙ yr−1])
This work W87
α = 0.1 α = 1.0
γ Cas -10.1 -9.1 -6.9
φ Per -10.4 -9.4 -7.3
ψ Per -11.3 -10.3 -7.9
48 Per -11.4 -10.4 -7.9
ζ Tau -10.6 -9.6 -7.6
α Col -12.1 -11.1 -8.8
β Mon -10.7 -9.7 -8.1
κ CMa -10.6 -9.6 -7.3
β CMi -12.7 -11.7 -9.0
ω Car -11.9 -10.9 -8.6
δ Cen -11.0 -10.0 -7.6
κ Dra -11.5 -10.5 -7.9
χ Oph -11.0 -10.0 -7.8
α Ara -11.0 -10.0 -7.6
66 Oph -11.5 -10.5 -7.7
rate of the outburst phase of 28 CMa, a B2IV-Ve star, to
be (3.5± 1.3)× 10−8M⊙ yr−1. However, the mass decretion
rate in that case is about 10−3 smaller, and thus compatible
with the results of Fig. 15.
The W87 outflow model was inspired in the CAK model
for radiatively driven winds (Castor et al. 1975). Although
it predicts more material distributed above the equato-
rial plane than the VDD model, W87 disk mass is only
a few times larger than the VDD one (≃ 4 times for a
B1 star with Rd/Re = 50 and n = 3.5). The large dif-
ferences of M˙ between W87 and this work comes mostly
by largely different outflow speeds in each model. While
W87 adopted outflow speeds of the order of 5 kms−1 at
the disk base, the VDD model predicts much smaller v̟
values. For α = 1, v̟/cs ∼ 10−3 at the stellar equa-
tor (Krticˇka et al. 2011), and therefore v̟ ∼ 10−2 kms−1.
The absence of large scale radial motions in Be disk
was observationally established by spectroscopy (Hanuschik
1995), spectro-interferometry (Meilland et al. 2012) and
spectro-astrometry (Wheelwright et al. 2012), and is one of
the most important facts in support of the VDD model
(Rivinius et al. 2013). We conclude that the differences in
M˙ between this works and W87 is due to the ∼two orders
of magnitude difference in the radial outflow speeds.
Fig. 15 shows that, despite the aforementioned large
differences in the absolute value of M˙ , both models agree
qualitatively in that later type stars have much smaller M˙
than early types ones. This is an important result, which
may be in close connection to the Be phenomenon itself. For
reference, the following formulae express the upper limits M˙
shown in Fig. 15, estimated for the α = 1 models:
log(M˙) =
{
−15.8 + 2.1 log(L/L⊙), log(L/L⊙) 6 3
−10.4 + 0.3 log(L/L⊙), log(L/L⊙) > 3.
(40)
7 CONCLUSIONS
The continuum brightness profile of gaseous disks is investi-
gated. The viscous decretion disk model of Be star disks was
used as an example, but the concepts here presented can
be easily extended to other types of objects, such as Her-
big Ae/Be stars. Numerical results indicate that the profile
can be interpreted in terms of two components: an inner, op-
tically thick part, dubbed the pseudo-photosphere, a term
borrowed from the LBVs and supernovae literature, and an
outer, tenuous part.
Based on this realization, a semi-analytical model was
developed that is capable of satisfactorily describing the size
of the pseudo-photosphere and the disk SED with an accu-
racy better than 20% for the flux level and 5% for the spec-
tral slope, when compared to numerical results. The model
is said to be semi-analytical because one of its main param-
eters, namely the optical depth at the line of sight direction
(τ), defining the size of the pseudo-photosphere (R), was
empirically measured to be around 1.3 using the numerical
results.
This model allowed identifying important properties of
the emergent flux, in relation to fundamental parameters
of the system. For instance, the IR spectral slope is shown
to be dependent only on the radial slope of the density, n,
and the disk flaring parameter, β, while being rather insen-
sitive to ρ0, i, and even the stellar parameters. This result is
particularly interesting, since it provides an easy and direct
way to extract information about the physical structure of
the disk from IR spectra or colors, without prior knowledge
about the central star.
As a first application of the model, a sample of 15
Be stars were studied and compared to previous results by
Waters et al. (1987), that used an outflowing model to de-
scribe the disk structure. This allowed a first comparison
between the VDD model and the widely quoted results by
Waters et al.. It was found that, while the density parame-
ters of the disk are generally in good agreement, the mass de-
cretion rates were two to three orders of magnitude smaller
than previously estimated. This result has important con-
sequences for evolutionary models of Be stars as class of
fast-rotating stars that shed angular momentum through the
viscous disk, and to the Be phenomenon itself.
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APPENDIX A: ADOPTED GAUNT FACTORS
AND FITTING FORMULAE
In the present work, we adopted the bound-free and free-
free gaunt factors of Hummer (1988) and Storey & Hummer
(1991), where the gas material is assumed to be exclusively
composed by hydrogen. In order to provide approximate ex-
pressions for such quantity, we propose the following fitting
formulae:
g(λ, T ) ≃ exp [G0(T ) +G1(T ) lnλ+G2(T ) (lnλ)2] , (A1)
b(λ, T ) ≃ exp [B0(T ) +B1(T ) lnλ+B2(T ) (lnλ)2] . (A2)
One of the advantages of the adopted expressions is the sim-
plification of the gaunt factors spectral slope to
u(λ, T ) =
1
g + b
[(G1+2G2 lnλ)g+(B1+2B2 lnλ)b]. (A3)
The numerical gaunt factors were fitted in the range between
1µm and 1mm, at six temperatures ranging from 5, 000 K to
20, 000 K. The fitted coefficients are presented in Table A1.
The numerical and approximated gaunt factors are shown
in Fig. A1. Our fit expressions reproduce the gaunt factors
within an accuracy of 3%, in the spectral range between
10µm and 1mm. For shorter wavelengths, the bound-free
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Table A1. Gaunt factors fit parameters.
log(T/K) G0 G1 G2 B0 B1 B2
3.70 0.0952 0.0215 0.0145 2.2125 −1.5290 0.0563
3.82 0.1001 0.0421 0.0130 1.6304 −1.3884 0.0413
3.94 0.1097 0.0639 0.0111 1.1316 −1.2866 0.0305
4.06 0.1250 0.0858 0.0090 0.6927 −1.2128 0.0226
4.18 0.1470 0.1071 0.0068 0.2964 −1.1585 0.0169
4.30 0.1761 0.1269 0.0046 −0.0690 −1.1185 0.0126
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Figure A1. Gaunt factors of Hummer (1988) and
Storey & Hummer (1991) for several temperatures, as indi-
cated, compared to the fitting expressions given by Eqs. A1 and
A2.
gaunt factor is dominant, and its slope discontinuities can-
not be fitted by our simple relations. However, the approx-
imation at the near-IR is increasingly improved for higher
temperatures.
APPENDIX B: BLACK BODY CORRECTION
Approximating the stellar flux by a black body systemat-
ically overestimates the IR flux, when compared to more
realistic atmospheric stellar models (Fig. B1). In order to
compensate for this effect, we computed the ratio between
Kurucz model atmosphere fluxes (Castelli & Kurucz 2003)
and the corresponding black body emission at 10µm
f⋆ =
FKλ (Teff, log g)
F bbλ (Teff)
∣∣∣∣
λ=10µm
. (B1)
Fig. B2 shows the defined ratio as a function of the stellar
effective temperature. It can be used as a black body correc-
tion factor, to improve the accuracy of our semi-analytical
model, and can be approximated by
f⋆ ≃ 1.015 − 0.301
(
Teff
104K
)
+ 0.064
(
Teff
104K
)2
. (B2)
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Figure B1. Comparison between Kurucz model (log g = 4 fixed)
and black body fluxes at the stellar surface, for Teff = 26, 000K.
The position λ = 10µm is indicated by the vertical dotted line.
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Figure B2. Black body correction factor, as a function of Teff.
A second degree polynomial fit is superimposed to the computed
values.
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